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ABSTRACT
We consider the effect of vacuum polarization around the horizon of a 4 dimen-
sional axionic stringy black hole. In the extreme degenerate limit (Qa = M), the
lower limit on the black hole mass for avoiding the polarization of the surrounding
medium is M ≫ (10−15 ÷ 10−11)mp (mp is the proton mass), according to the
assumed value of the axion mass (ma ≃ (10−3÷ 10−6) eV ). In this case, there are
no upper bounds on the mass due to the absence of the thermal radiation by the
black hole. In the nondegenerate (classically unstable) limit (Qa < M), the black
hole always polarizes the surrounding vacuum, unless the effective cosmological
constant of the effective stringy action diverges.
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If string theory is to describe a quantum theory of gravity, it is certainly im-
portant to investigate what happens to it around black holes and cosmological
solutions and how such backgrounds are generated. Recently low energy string the-
ory solutions have been obtained in which gravity is coupled to the Kalb-Ramond
field .
[1] [2]
In this context, one of the main problems concerns the stability of these
kinds of axionic black strings (ABS). In a previous work,
[3]
it was shown that the
ABS’s are classically and thermodynamically stable only in the extreme degenerate
limit Qa = M , where Qa (M) is the axionic charge (mass). However, it is well
known that electrically charged black hole solutions of General Relativity, even
in the degenerate case, may spontaneously loose their charge because of vacuum
polarization effects .
[4]
The purpose of this letter is to investigate under what circumstances a de-
generate 4-D ABS is stable against particle production from the surrounding vac-
uum. The method employed is a generalization of the effective action approach of
Ref.5 developed for the semiclassical quantum electrodynamics. Our unexpected
result is that the degenerate ABS is ‘almost’ stable for a wide range of black hole
masses. The lower bound which we found crucially depends on the experimental
and astrophysical-cosmological estimates of the axion mass coupling. We conclude
the paper by performing a similar calculation for the non-degenerate ABS solution
(Qa < M). In this case the black hole always polarizes the surrounding vacuum,
loosing its axion charge. This can be seen as the semiclassical counterpart of the
classical instability shown in Ref. 3.
At the leading order in the string tension expansion α′, the ABS solution is
characterized by (see Ref. 3),
ds2 = −
(
1− M
r
)
dt2 +
(
1− Q
2
a
Mr
)
dx2 + dy2 +
k dr2
8(r −M)(r −Q2a/M)
, (1)
Hrtx =
Qa
r2
, (2)
Φ = ln(r) + Φ∞, (3)
1
where H=˙dB, B is the Kalb-Ramond gauge field, Φ is the dilaton and Φ∞ its
asymptotic value.
In this context, our strategy is to study the vacuum polarization phenomena
by treating the dilaton, the axion and the geometry in the external field approx-
imation. In particular, we find the probability amplitude for the decay processes
of the axion field itself in a region close to the horizon, where we expect that the
vacuum polarization effects are dominant. In the effective 4-D string theory, the
leading decay process is dictated by the coupling of the axion to the electromag-
netic (quantum) field Fµν , which appears in the order α
′. Fµν is associated with a
U(1) subgroup of E8 × E8 (Spin(32)/Z2) of the superstring or coming from some
kind of string compactification. At this string order, there are also vertices involv-
ing couplings of the graviton and the Kalb-Ramond field,
[6]
but in this semiclassical
approximation for gravity such couplings give only a ‘dressing’ of the basic ABS
solutions (1-3).
Since we are interested in the vacuum polarization effects around the ABS
horizon at r = M , we assume for the dilaton the constant value: Φ ≃ Φr=M =
ln(M)=˙Φ0 (see eq. (3)). This turns out to imply that the H equation of motion
at the leading order in α′ becomes ∇µHµνλ = 0, and then one can write,
Hµνλ = ǫµνλρ∇ρθ , (4)
where θ is the axion pseudoscalar field.
Therefore, the low energy string action relevant for this problem has the form,
S =
∫
d4x
√−geΦ0
[
R +
8
k
+
1
2
(∇θ)2 + α
′
4
(−F 2 + λθF ∗F )] , (5)
where λ = mampifpi , ma (mπ) is the axion (pion) mass, fπ is the pion decay constant,
8
k is the cosmological constant term corresponding to the central ‘charge deficit’
2
for the superstring,
[7] ⋆
and ∗F µν = 12ǫ
µν
ρσF
ρσ, with ǫµνρσ the covariant Levi-Civita
symbol.
Following the Schwinger approach, the probability for the vacuum decay of the
axion into photons is,
Pθ→γγ ∝ e−2Im Γ
1
, (6)
where Γ1 is the one loop effective action coming from the external field approxi-
mation (in gµν and θ) of eq. (5), namely,
†
2Γ1 =
∫
d4x
√−g
[
− λ
2
32π2
log(xµx
µ − iǫ)
(
λ2
4
(
H2
6
)2
− 1
12
Hµνσ∇2Hµνσ
)
+
3λ2
8π2
1
(xµxµ + iǫ)
(
H2
6
)] . (7)
Notice that, in eq. (7), in virtue of the ABS ansatz, we have Hµνλ∇2Hµνλ = 0.
In the extremal limit Qa = M , where the ABS is classically stable, using
the classical background for Hµνλ and gµν (eq. (1) and (2)) and exploiting the
mathematical identities log(xµx
µ − iǫ) = log(xµxµ) − 2πni , n = 0, 1, ..... and
1
xµxµ+iǫ
= P
(
1
xµxµ
)
− πiδ(xµxµ), one finds (reintroducing dimensional factors of
Mp, the Planck mass),
2Im Γ1 =
[
3λ2M2√
8kπMp
∫
d4x
1
r3
δ(gµνx
µxν)
+
nλ4M4√
8k3πMp
∫
d4x
1
r5
]∣∣∣∣
r≃M/M2p
.
(8)
We would like to stress the fact that one could have equally well calculated the
Schwinger effective amplitude for the vacuum polarization by using a different
⋆ In the case of the (SUSY) string coset-model G/K, where G = SL(2, R) × R × R and
K = U(1) of Ref. 2, one has that (k = 14/3) k = 25/11.
† Eq. (7) can be obtained by the covariant generalization of Ref.8, after a rescaling of H and
F by eΦ0/2 and having reabsorbed α′ in the definition of F .
3
conformally rescaled classical metric g˜µν = e
sΦgµν , with s arbitrary. In this case,
however, the new effective action (7) would correspond to a different quantum
theory,
[9]
and would not be trivially related to eq. (4).
It is convenient to perform the integral over t in the first term of the right hand
side of (8) using the delta function expansion,
δ(gµνx
µxν) =
δ(t + [1 + xˆ2 + yˆ2]1/2µ)(
1− M
M2p r
)
|t|
, (9)
where we have defined,
µ =
√
k
8
1
Mp
(
1− M
M2p r
)−3/2
,
xˆ =
x
µ
,
yˆ =
y
µ
(
1− M
M2p r
)−1/2
.
(10)
A reasonable estimate of the three-volume near the ABS horizon may be obtained
by putting the black hole in a box of linear dimension M/M2p . In this ways one
gets, ∫
dt
∫
dxdy ≃ lθ M
2
M4p
, (11)
where lθ is the Compton wavelength of the axion pseudoscalar. Moreover, using
(9), (10) in the first term of the right hand side of (8) one can evaluate the double
integral,
βˆ∫
dxˆ
γˆ∫
dyˆ[1 + xˆ2 + yˆ2]−1/2 ≃ βˆγˆ∣∣
r≃M/M2p , (12)
which may be a fairly good approximation since,
βˆ
∣∣
r≃M/M2p =
M
Mp
√
8
k
(
1− M
r
)3/2∣∣∣∣
r≃M/M2p
≃ 0 ,
γˆ
∣∣
r≃M/M2p =
M
Mp
√
8
k
(
1− M
r
)∣∣∣∣
r≃M/M2p
≃ 0 .
(13)
4
Therefore, reinserting back all relevant dimensional parameters (mπ = 135 MeV
and fπ = 93 MeV ). Considering the following recent (astrophysical-cosmological)
bounds for the axion mass, ma = (10
−3 ÷ 10−6) eV (see Ref. 10), the final result
for the Schwinger effective action is,
2Im Γ1 ≃ 1
k3/2
[
1.2 (1095 ÷ 1089)
(
1− M
M2p r
)1/2∣∣∣∣
r≃M/M2p
k1/2
+ 6.2 (10143 ÷ 10134)
](
M
M⊙
)2
.
(14)
Now, the condition for avoiding the ABS discharge due to the vacuum polar-
ization can be directly read by (6), i.e. one should have 2ImΓ1 ≫ 1. Then, from
(14), discarding the first term, this condition implies a lower bound for the ABS
mass (for n 6= 0),
M ≫ k
3/4
n1/2
(1.6 10−15 ÷ 4.8 10−11)mp , (15)
where mp is the proton mass. In the case of the extreme ABS solution, the temper-
ature T = 0 (see Ref. 3), and therefore one does not expect a thermal production
of (virtual) particles around the horizon. Therefore, the lower bound for M which
is given by (15) is the only relevant condition on the mass in order to avoid vacuum
polarization of the medium surrounding the extreme ABS solution. The condition
given by eq. (15) is by far much weaker than the usual bounds on the general
relativity black hole masses described in the literature (see Ref. 4).
In the non-degenerate (Qa < M) case of ABS, one can repeat similar calcula-
tions starting from eq. (7), and it is quite straightforward to obtain the following
estimate for the one loop effective action,
2ImΓ1(Qa<M) ≃k−3/2
[
7 (1020 ÷ 1014)
(
1− Q
2
aM
2
p
M2
)1/2
k1/2
+ 8.4 (10−9 ÷ 10−18) nQ4a
(
M⊙
M
)2]
.
(16)
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For this set of ABS solutions, the temperature T = Mp√
2kπ
(
1− Q
2
aM
2
p
M2
)1/2
is differ-
ent from zero (see Ref. 2), and one must also take into account for the possible
polarization of the vacuum by ‘thermal’ effects. The condition for avoiding thermal
polarization may be approximately written as T ≪ 2ma, while the Schwinger prob-
ability for the ‘decay’ of the axion into photons is suppressed for ImΓ1(Qa<M) ≫ 1.
These two conditions combine to the following bound on the ABS mass,
1.4k (10−21 ÷ 10−15)≪
(
1− Q
2
aM
2
p
M2
)1/2
≪ 7
√
k(10−31 ÷ 10−35) . (17)
This condition in general cannot be satisfied by any value ofM (unless k ≃ 0, which
is equivalent to having an infinite effective cosmological constant in the low energy
stringy action (4)). Therefore, the non degenerate ABS’s seem to be unstable
under classical perturbations (see Ref. 3), to polarize the vacuum surrounding
their horizon and to rapidly loose their initial axion charge.
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